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Abstract Wc study the arithmetical ranks and the cohomological dimensions 
of an infinite class of Cohen-Macaulay varieties of minimal degree. Among these 
we find, on the one hand, infinitely many set-theoretic complete intersections, 
on the other hand examples where the arithmetical rank is arbitrarily greater 
than the codimcnsion. 
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Introduction 

Let K be an algebraically closed field, and let i? be a polynomial ring in A'^ 
indeterminates over K. Let / be a proper reduced ideal of R and consider 
the variety V{I) defined in the affine space (or in the projective space 
P^^^, if / is homogeneous and different from the maximal irrelevant ideal) by 
the vanishing of all polynomials in I. By Hilbert's Basissatz there are finitely 
many polynomials Fi, . . . ,Fr £ R such that V{I) is defined by the equations 
Fi — ■ ■ ■ ^ Ff ^ 0. By Hilbert's Nullstellensatz this is equivalent to the ideal- 
theoretic condition 

I=^{Fi,...,Fr). 

Suppose r is minimal with respect to this property. It is well known that 
codim V{I) < r. If equality holds, V{I) is called a set-theoretic complete inter- 
section on Fi, . . . , Fr- 

Exhibiting significant examples of set-theoretic complete intersections (or, more 
generally, determining the minimum number of equations defining given vari- 
eties, the so-called arithmetical rank, denoted ara, of their defining ideals) is one 
of the hardest problems in algebraic geometry. In [2] we already determined in- 
finitely many set-theoretic complete intersections among the Cohen-Macaulay 
varieties of minimal degree which were classified geometrically by Bertini [6], 
Del Pezzo [11] , Harris [M] and Xambo , and whose defining ideals were de- 
termined in an explicit algorithmic way in [5]. In this paper we present a new 
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class of minimal varieties, where the gap between the arithmetical rank and the 
codimension can be arbitrarily high. It includes an infinite set of set-theoretic 
complete intersections. For the arithmetical ranks of the complementary set of 
varieties we determine a lower bound (given by etale cohomology) and an upper 
bound (resulting from the computation of an explicit set of defining equations) 
that only differ by one: the equality between the lower bound and the actual 
value of the arithmetical rank is shown in few special cases. We also determine 
the cohomological dimensions of the defining ideals of each of these varieties. 
This invariant, in general, also provides a lower bound for the arithmetical rank, 
and the cases where it is known to be smaller are rare. Those which were found 
so far are the determinantal and Pfaffian ideals considered in [S] and in [T]: 
there the strict inequality holds in all positive characteristics. We prove that 
the same is true for the minimal varieties investigated in the present paper that 
are not set-theoretic complete intersections. 

Some crucial results on arithmetical ranks and cohomological dimensions are 
due to Bruns et al. and are quoted from [S] and [lUj . 



1 Preliminaries 

For all integers s > 2 and t > I consider the two-row matrix 



Xi X2 
Xs+1 Xs+2 



Xs 
X2s 



yo 

Zl 



Vi 

Z2 



yt-i 

Zt 



where xi,X2, ■ ■ ■ , X2s,yo, yi, ■ ■ ■ , yt-i, zi, Z2, ■ ■ ■ ,zt are N indeterminates over K. 
We assume that they are pairwise distinct, possibly with the following exception: 
we can have X2s — yo or Zi — yj for some indices i and j such that 1 < i < j < 
t — I, but no entry appears more than twice in As^t- We have the least possible 
number of indeterminates if X2s — yo and Zi = yi for 1 — 1, . . . , t — 1, in which 
case N ~ 2s + t, and the matrix takes the following form: 



As 



Xi X2 
Xs+1 Xs+2 



Xs 
X2s 



X2s 

yi 



yi 

2/2 



2/t-i 

yt 



If the indeterminates are pairwise distinct, then = 2s -I- 2t. The matrix Ag^t 
belongs to the class of so-called barred matrices introduced in [3] and can be asso- 
ciated with the ideal Js,t of R = K[xi,X2, ■ ■ ■ ,X2s,yo,yi, ■ ■ ■ ,yt-i, zi, Z2, ■■■,Zt] 
generated by the union of 

(I) the set A4 of two-minors of the submatrix of Ag^t formed by the first 
s columns (the so-called first big block); 

(II) the set of products XiZj, with 1 < i < s and 1 < j <t; 

(III) the set of products yiZj, with 0<i<j — 2<t — 2. 

We will denote by Js^t the ideal associated with the matrix As^t- 

As shown in [3], Section 1, Js^t it is the defining ideal of a Cohcn-Macaulay 
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variety of minimal degree and it admits the prime decomposition 



J^,t = Jo n Ji n ■ •• n Jf, 

where 

Jo = (M, Vo), and J, = iV^, V,) for i = 1, . . . , t, 

with 

Vi = {xi, ...,Xs,yo,.- ■,yi~2} for i = 1, . . . ,i, 

A = {zi+i, . . . , zt} for i = 0, . . . , t. 

Thus the sequence of ideals Jq, Ji, . . . , Jt fulfils condition 2 of Theorem 1 in [5T], 
which implies that it is linearly joined; this notion was introduced by Eisenbud, 
Green, Hulek and Popescu [T^] , and was later intensively investigated by Morales 
pi] . We also have 

height Js^t^s + t- 1. (1) 

In the sequel, we will set Vs^t = V{Js,t), and also t4,t = V{Js,t)- Note that Js^i 
has the same generators as Js,i, because the indeterminate yo does not appear 
in these generators. Consequently, we can identify with 14,1- One should 
observe that, apart from this special case, for any integers s and t, Jg^t does 
not denote a single ideal, but a class of ideals, namely the ideals attached to a 
matrix As^t for some choice of the (identification between) the indeterminates 
xi,X2, ■ ■ ■ , X2s, yoj yii • ■ • J yt-i, ^i, -^2, • ■ • , ^t- The same remark applies to the 
variety T4,t- 

For the proofs of the theorems on arithmetical ranks contained in the next 
section we will need the following two technical results, which are valid in any 
commutative unit ring R. 

Lemma 1 ([3], Corollary 3.2) Let ai, a2, /32, 7 £ R- Then 

A/(ai/3i - a2/32, f3ij, /327) = 

^/{al{alPl -a2P2) +02^, a2(ai/3i -0:2/32) + Pu)- 

The next claim is a slightly generalized version of [3], Lemma 2.1 (which, in 
turn, extends Lemma, p. 249). The proof is the same as the one given in 
[5], and will therefore be omitted here. 

Lemma 2 Let P be a finite subset of elements of R, and I an ideal of R. Let 
Pi, . . . , Pr be subsets of P such that 

(a) if p and p' are different elements of Pe {1 < i < r) then {pp')"^ G 
L + ([JI^I Pi^ for some positive integer m. 

Let 1 < £ < r, and, for any p G Pe, let e{p) > 1 be an integer. We set 

^L+[P) = ^I+{qi,...,qr). 
where (P) denotes the ideal of R generated by P. 
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2 The arithmetical rank for s = 2: set-theoretic complete intersec- 
tions 

In this section we will show that, for all t > 1, the variety V2,t is a set- 
theoretic complete intersection. Recall that its defining ideal is the ideal J2,t of 
R — K[xi,X2,x^,Xi, j/Oj 2/2, ■ • ■ , Ut-i, zi,Z2, ■ ■ ■ , zt], which is associated with the 
matrix 

Vt-i \ 



and is generated by the elements 

XiX4^—X2Xz, XiZi, XiZ2, 

X2ZI, X2Z2, 
V0Z2, 

2/123, 

■ ■ ■ , ■ ■ ■ , 

The next result generalizes Example 5 in [2] . 

Theorem 1 For all integers t > I, ara J2,t — t + 1, i.e., V2.t is a set-theoretic 
complete intersection. 

Proof .-We proceed by induction on t, by showing that there are Fi, . . . , Ft^i G 
R = K[xi,X2,X:i,Xi,ya, . . . ,2/t-i, zi,Z2, . . • , ^t] such that 

(a) ^{Fu...,Ft+i) = J2.,u 

(b) Fi,F2 e {xi,X2), 

(c) F, e (xi, X2, 2/0, • ■ • , 2/1-3) for alH = 3, . . . , i + 1. 

For the induction basis consider the case where t = 1. We have J2,i — {xiX/^ — 

X2X3,XiZi,X2Zi). Set 

Fi = X4{xiX4 - X2X3) + X2Z1, F2 = X3{xiX4 - X2X3) + XiZi. (2) 

Then Fi and F2 fulfil condition (b) and, by virtue of Lemma [l] they also fulfil 
condition (a). Now assume that t >2 and suppose that Gi, . . . , Gj are polyno- 
mials fulfilling the claim for t — 1. By condition (b) we have Gi = Pxi — Qx2 
for some P,Q E R. Set 

Fi = QGi+xiZt 

F2 ^ PGi+X2Zt 

F3 = G2 + Vozt 
Fi = Gi-i+yi-3Zt 
Ft+i = Gt + Vt-2Zt- 



A2,t = 



Xi 

X3 



X2 

X4 



2/0 
zi 



2/1 

Z2 



. .., XiZt, 
. .., X2Zt, 

yozt, 

■ yizt, 

■ • ■ , yt-2Zt. 
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Then Fi, F2 G {Gi,xi,X2) C {xi,X2)- Moreover, for alH = 3, . . . , i + 1, 

Fi e {Gi^i,yi^3) c {xi,X2,yo, ■ ■ . , yi_4, yi-3), 

because Gi^i fulfils condition (c). Hence Fi, . . . , Ft^i fulfil conditions (b) and 
(c). Furthermore, by Lemma [H 

,XiZt,X2Zt), (3) 

and, for alH = 2, . . . , i, the product of the two summands of i^i+i is 

Gi ■ Vi-2Zt e {xi,x2,vii, ■ ■ . ,yi-3) ■ (zt) = ixizt,x2Zt) + [yozt, ■ • .,yi-3Zt), 

C \/ {Fi,F2) + (yozt, yt-3Zt), 

where the first membership relation is true because Gi fulfils condition (c). 
It follows that {Gi ■ yi-2Zt)™' belongs to (Fi,i^2) + (voZt, ■ ■ ■ ,yi-3Zt) for some 
positive integer m. Hence the assumption of Lemma[2]is fulfilled for / = (Fi, F2) 
and Pi = {Gi+i, j/i-izj (i = 1, . . . , i - 1). Consequently, 

y/{Fi,F2,F3,...,Ft+i) = V iFi,F2, G2, . . . , Gt, yoZt, yt-2Zt) 

= V (Cl: ^2, . . . Gt,XiZt,X2Zt, yoZt, • ■ • , yt-2Zt) 
= J2,t-1 + [xiZt, X2Zt,yoZt, . . . , yt-2Zt) = J2,t, 

where the second and the third equality follow from ^ and induction, respec- 
tively. Thus Fi, . . . , Ff_|_i fulfil condition (a) as well. This completes the proof. 

Remark 1 The polynomials Fi, . . . , Ft+i defined in the proof of Theorem [1] 
still fulfil the required properties if in all monomial summands x\zt, X2Zt, 
yoZt, • . • , yt-2Zt the factors Zt are raised to the same arbitrary positive power. 
This allows us, e.g., to replace the polynomials in ([2]) by 

Fl = Xi{xiXA - X2X3) + X2zj, F2 = X3{xiXi - X2X3) + xizj, 

which are homogeneous. Then, by a suitable adjustment of exponents, one can 
recursively construct a sequence of homogeneous polynomials Fi, . . . ,Ft+i for 
any t > 2. 

Example 1 Equalities ([2]) explicitly provide the defining polynomials for ¥2,1- 
They are the starting point of the recursive procedure, described in the proof 
of Theorem [U which allows us to construct t + 1 polynomials defining V2,t, for 
any t > 2. We perform the construction for t = 2,3. First take t = 2. We have 



A2,2 = 





X2 




yo 






\ X3 


X4 




Z\ 




Z2 ) 



and 

h.2 = {x\X4 - X2X3, xizi, X1Z2, X2Z1, X2Z2, yoZ2)- 
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Let us rewrite the polynomials given in 

Gl — Xix\ — X2X3X4^ + X2Z1, G2 = XiX^X/^ — X2x'^ + XlZi. 

Then, with the notation of the proof of Theorem [1] P — x\ and Q — x^x^ — z\. 
Thus 

Fx = {X3X4 - zi)Gi + X1Z2 

= XiX^xl - Xixlzi ~ X2x\x\ + 2x2XzXa,Z\ — X2z\ + X\Z2, 
F2 = xlGi + X2Z2 = Xixl - X2X3XI+ X2xlzi + X2Z2, 
F3 = G2 + yoZ2 = X1X4X3 ~ X2xl + XiZi + yoZ2 

are three defining polynomials for ¥2,2- Now let < = 3. We have 



f Xi 


X2 




yo 




yi 




2/2 \ 


\ X3 


X4 




Zl 




Z2 




Z3 J 



J2,3 = {X1X4 - X2X3,XiZi,XiZ2,XiZ3,X2Zi,X2Z2,X2Z3,yoZ2,yoZ3,yiZ3)- 

In order to obtain four defining polynomials for ¥2^3 wc take the above poly- 
nomials Fi, F2, F3 as Gl, G2, Gs. Thus P = X3XI — x\zi + Z2 and Q — x1x\ ~ 
2X3XAZ1 + zj. Hence, the four sought polynomials are 

Fi — {x^x^ — 2X3X4Z1 + zf)Gi + X1Z3 — xiXjX^ — Sxix^x^zi + 3xiX3X^zl 

— X\X^Z^ — X2X^X^ -\- ^X2X^X^Z\ 

— &X2X'^X^Z-y^ + 'iX2X3XiZ'l — X2Z1 
+Xix\x\z2 - 2xiX3XiZiZ2 + X1Z1Z2 + X1Z3, 

F2 = {X3xl - xlzi + Z2)Gi + X2Z3 = xix^xl — 2xiX3X'lzi + 2xiX3xlz2 
+Xix\z1 — 2xix1ziZ2 — X2X'^X^ — X2x\x\z2 
-\-'iX2x\x\zi — 3x2X3xlzf + 2x2X3XiZiZ2 
+X2xlzl - X2zlz2 + X1Z2 + X2Z3, 

F3 = G2 + yoZ3 = xixl ~ X2X3XI + X2xlzi + X2Z2 + yoZ3, 
F4 = G3 + yiZ3^xiX3X4-X2xl + xiZi+yoZ2 + yiZ3. 

3 The arithmetical rank for s > 3: upper and lower bounds 

The aim of this section is to show that, for s > 3, the ideal Js^t is never a set- 
theoretic complete intersection. We will determine a lower bound for ara Jg^t, 
which shows that the difference between the arithmetical rank and the height 
strictly increases with s. For our purpose we will need the following cohomo- 
logical criterion by Newstead [22]. 
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Lemma 3 ([5], Lemma 3') Let W C W be ajfine varieties. Let d = dimW\W . 
If there are r polynomials Fi, . . . , Fr such that W — W D V{Fi, . . . , Fr), then 

H^+\W\W,Z/mZ) =0 foralli>r 

and for all m E Z which are prime to char if. 

We refer to [19] or [20] for the basic notions on etale cohomology. We are now 
ready to prove the first of the two main results of this section. 

Theorem 2 For all integers s > 2 and t > 1 

araJs^t > 2s + i — 3. 

Proof .-For s = 2 the claim is a trivial consequence of Theorem [T] So let 
s > 3. It suffices to prove the claim for Js^t, because araJs,f >araJs,t: in 
fact, given r defining polynomials for Vs^t, they can be transformed in r defining 
polynomials for t4,t by performing on them the suitable identifications between 
the indeterminates. Let p be a prime different from charK. According to 
Lemma [21 it suffices to show that 

since this will imply that Vs.t cannot be defined by 2s + t — 4 equations. By 
Poincare Duality (see [2DJ, Theorem 14.7, p. 83) we have 

Hom^/^^(/f,t+'*"'(^'^+' \ Vs,t, ^M, Z/P^ Ht{K^^+' \ Vs,u ^Ip^, 

(5) 

where He denotes etale cohomology with compact support. For the sake of 
simplicity, we will omit the coefficient group Z/pZ henceforth. In view of ([5]) , 
it suffices to show that 

Ht[K^'+'\V,^t)^0. (6) 

Let W be the subvariety of K'^^+* defined by the vanishing of yt and of all 
generators of Js,t listed in Section 1 under (I) and (II), and those listed in (III) 
for which j <t — 1. Then W C Vg^t, and 

Vs,t \ W = 

{{Xi, . ..X2s,yi, ■ ■ ■ ,yt)\xi = ■ ■ ■ = Xs = X2s = yi = ■ ■ ■ = Vt-2 =0, yt^ 0} 

^K^x{K\{0}), (7) 



It is well known that 



KiKn^\ i;;=* (8) 



and 



Hl{K^\m^\ ^'2" (9) 
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Moreover, in view of ([7]), by the Kiinncth formula for etale cohomology f |20|. 
Theorem 22.1), 

H^iVsAW)^ H^{Kn<E>H^{K\{0}), 

h-\-k—i 

so that, by §1 and we have H'^{Vs,t\W) ^ if and only if i = 2.s + l,2.s + 2. 
But 4 < 2s < 2s + 1, so that, in particular 

H^^{VsAW) = H^iVsAW) = 0. (10) 

We have a long exact sequence of etale cohomology with compact support (see 
[in], Remark 1.30, p. 94): 

• • • H'AVsAW) ^ H^iK^'+'\Z^t) ^ H^iK^'+'\W) ^ H^iZAW) ^ • • • • 
By ^ it follows that 

Hi^K^s+t y y^^^-^ _ H^{K^'+i \ W). (11) 

Note that W can be described as the variety of i^^s+t (jegned by the vanishing 
of yt and of all polynomials defining in ^2s+i-i^ Note that a point of 

j^2s+t ijgiongs to iir^*+* \ if and only if it fulfils one of the two following 
complementary cases: 

- either its j/t-coordinate is zero, and it does not annihilate all polynomials 

of Js,t-i, or 

- its j/(-coordinate is non zero. 
Therefore we have 

K'^'+^W ={K'''+''^\Vs,t-i)^Z, (12) 

where the union is disjoint, and Z is the open subset given by 

Z = K^'+'-A{K\{Q}). (13) 

We thus have a long exact sequence of etale cohomology with compact support: 

• ■ • ^ Ht{Z) ^ Ht{K^'+' \ W) ^ Ht{K^'+'~^ \ Vs,t^i) ^ HliZ) ^ ■ • • . 

(14) 

By the Kiinneth formula for etale cohomology, ([5]), (O and ([T5|) . we have 
Hl{Z) ^ if and only if i = 4s + 2t - 1,4s + 2t. But 4s + 2i - 1 > 5, 
whence, in particular, 

Ht{Z)^Hl{Z)=Q. 
It follows that ITil) gives rise to an isomorphism: 
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Hence, in view of claim ^ follows by induction on t if it is true that 

H^{K'^ \ Vs,o) + 0, (15) 

where 14, o C K^^ denotes the variety defined by the vanishing of the two-minors 
of the first big block of But according to [9J, Lemma 2', Hll~^{K'^''\Vsfi) ^ 
0, from which (fT5)) can be deduced by Poincare Duality. This completes the 
proof of the theorem. 

Remark 2 According to ([1]) and Theorem [2l the difference between the arith- 
metical rank and the height of Jg.t is at least 2s~\-t~'i — {s + t— \) = s — 2. 
Thus it strictly increases with s. In view of Theorem [1] it is zero if and only if 
s = 2. 

Corollary 1 The variety Va^t is a set-theoretic complete intersection if and only 
z/s = 2. 

Next we give an upper bound for ara Js^t- In the sequel, for the sake of simplicity, 
we will denote by [ij] {1 < i < j < s) the minor formed by the ith and the 
jth column of Ag^t- We will call Is the ideal generated by these minors (it is 
the defining ideal of the variety T4,o mentioned in the proof of Theorem [5]). 
Moreover, for all fc = 1, . . . , 2s — 3, we set 

i+j=k+2 

We preliminarily recall an important result by Bruns et al. 

Theorem 3 (^, Theorem 2 and [10 , Corollary 5.21) With the notation just 
introduced, 

ara/s = 2s — 3, 

and 

Is = V {Si, . . . , S2s~3)- 

We can now prove the second result of this section. 

Theorem 4 For all integers s > 2 and t > 1, 

ara Js^i < 2s + t — 2. 

Proof .-Again, in view of Theorem [l] it suffices to prove the claim for s > 3. 
Let Ls,t be the ideal generated by the products listed in Section 1 under (II) 
and (III). For convenience of notation we set 

^ Xi {I <i < s) 

£,i = Ui-s-l {s+l<i<s + t). 

In other words, the entries of the first row of A^^t are denoted by ^i, . . . ,S.s+t, 
and the monomial generators of L^,* are 

£,iZj, where l<i<s-|-t— 1, i — s + l<j<t. (16) 
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Let 

s+t-l 

Th^ i'^^^+t-h {l<h<s + t-l), 

where we have set Zj ~ for j ^ {1, . . . , i}. Then the set of non zero monomial 
summands in Ti, . . . ,Ts+4_i coincides with the set of monomial generators of 
Ls,t, as the following elementary argument shows. On the one hand, given a 
non zero monomial summand ^iZij^t-h of some T/j, it holds 

i-.s + l = i + i- s- t + l<i + i-/i, 

so that ^iZi+t-h is of the form (|16p . On the other hand, given a monomial ^iZj 
as in (|16p . we have j = i + t — h for h = i + t — j , where j < t and i — s + 1 < j. 
Therefore, 

l<i<h<i + t-{i-s + l) = s + t- l, 
which implies that ^iZj is a monomial summand of T^. 

Moreover, Ti = ^iZf. Now consider, for any h such that 1 < h < s + t — 1, 
the product of two non zero distinct monomial summands of T^: it is of the 
form i,pZp^t-h£.qZq+t~h with l<p<q<s + t — 1. Hence it is divisible by 
^pZq^t-h = ^pZp+t-{h+p-q)j which is one of the non zero monomial summands 
of Tfi+p-q. Since q + t — h < t, we have h — q > 0, whence it follows that 
l<p<h+p — q<h. Thus the assumption of Lemma [2] is fulfilled if we take 
I = (Ti), Ph equal to the set of all non zero monomial summands of and 
qh = Th ioi- h = 2, . . . , s + t - 1. Therefore 

Ls,t = ViTi,-.-,T,+t-i). (17) 

For some arbitrarily fixed £ with 1 < ^ < 2s — 3, let [ij] be a summand of Se. 
Then the monomial terms of [ij] are of the form 

£,uXv, where 1 < u < ^ + 1. (18) 

For some fixed h such that I < h < s + t—1, let S^iZi^t-h be a non zero monomial 
summand of Th- Then i + t — h > 1 implies that 

h~i<t-l. (19) 

For alH = 1, . . . ,s - 2 let 

Ui^Si + Tf,+t+i. (20) 

Then, if S,uXy is a monomial term in Si and ^iZi^t-{i+t+i) a non zero monomial 
summand in Ti^t+i, their product is divisible by 

^uZi-^t-{e+t+i) = CuZu+t-ie+t+i+u-i)- (21) 

Set h' = £ + t+ l + u — i. Now, according to (fT8|) . u < £ + 1, so that, applying 
(dH) for /i = £ + t + 1, we obtain h'^i + t+ l- i + u<t-l + e+ l = £ + t. 
On the other hand, since 2:i+t-(^+t+i) 7^ 0, we have i + t~(£ + t + l) < t, i.e.. 
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i + t+1 >i. This implies that h'^£ + t + l + u- i>u>l. Thus (gT]) shows 
that the product of each two-minor appearing as a summand in Si and each 
non zero monomial summand of T^+t+i is divisible by a monomial summand 
of Th', for some h' such that 1 < h' < £ + t + 1. Thus Lemma [T] applies to 
/ = (Ti, . . . , Tt+i), P; = {Si, Ti+t+i} and = C/f for £ = 1, . . . , s - 2, whence, 
in view of we conclude that 



V (Ti, ■ • • , Tt+i, 7t-|-2, • ■ • , Ts+t-i, Si, . . . , S's-2) = ^ Ls,t + [Si, . . . , Ss-2)-, 
where the last equality is a consequence of p7|) . Thus we have 

V (T"!, ■ ■ • ,Tt+i,Ui, ... , Us-2, Ss-1, ■ ■ ■ , S2S-3) = (22) 



Ls,t + (Si, . . . , S2S-3) — \/ Ls,t + Is ~ Js,t, 

where the second equality follows from Theorem [3] Since the number of gen- 
erators of the ideal in (|^ is t + 1 + 2s — 3 — 2s + t ~ 2, this completes the 
proof. 

The gap between the lower bound given in Theorem [2] and the upper bound 
given in Theorem [4] is equal to 1. Theorem [1] also shows that the lower bound 
is sharp. 

Corollary 2 For all integers s > 2 and t > 1, 

2s + t-3< ara Js,t <2s + t-2. 
If s = 2, then the first inequality is an equality. 

There are other cases where the lower bound is sharp. In fact it is the exact value 
of araJs,i for s = 3,4,5, i.e., we have araJa^i = 4, araJ4^i = 6, araJs^i = 8. 
This is what we are going to show in the next example: it will suffice to produce, 
in the three aforementioned cases, 4, 5 and 6 defining polynomials, respectively. 

Example 2 With the notation introduced above, we have 



^ ( X, X2 X3 

Xi Xq 



yo 

Zl 



and 

J3,i = ([12], [13], [2'i\,xiZi,X2Zi,X'iZi), 

where 

[12] = X1X5 — X2X4^, [23] = X2XQ — 0:3X5, [13] = xiXq — X3X4. 
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We show that four defining polynomials are: 

Fi - [23] 

F2 = .TiZi+X4[12] 

F3 [13] +a;2Zi +a;5[12] 

Fi = X3Zi+xg[12] 

Since Fi, F2, F3, F4 e Ja^i, by virtue of Hilbert's Nullstellensatz it suffices to 
prove that every v = (xi, . . . ,xe, zi) G which annihilates all four polyno- 
mials annihilates all generators of Js^i- In the sequel, we will use, when this 
does not cause any confusion, the same notation for the polynomials and for 
their values at v. From i^i = we immediately get [23] = 0. Moreover, since v 
annihilates F2, F3, F4, we have that the triple ([13], zi, [12]) is a solution of the 
3x3 system of homogeneous linear equations associated with the matrix 

xi X4 

1 X2 X5 

X3 xe 
whose determinant is 

A — —xiXq + X3X4 — —[13]. 

By Cramer's Rule, whenever A 7^ 0, the only solution is the trivial one, so 
that, in particular, [13] = 0, a contradiction. Thus we always have A = 0, i.e., 
[13] = 0. Hence, in view of Lemma [1] F2 = F3 — implies that [12] = xizi = 
X2Z1 = 0. Consequently, F4 = implies that X3Z1 = 0. Thus v annihilates all 
generators of Ja^i, as required. This shows that ara J3.1 = 4. 
Now consider 



Xl X2 X3 X4 

X5 Xe X7 Xs 



yo 

zi 



A4S = 

By Theorem [3] we have 

Ja,! = ([12],[13],[14],[23],[24],[34],xiZi,X2Zi,a;3Zi,a;4Zi), 

= V([12],[13],[14] + [23],[24],[34] ,XiZi,X2Zi,X-iZi,X4Zi), (23) 

where 

[12] = xioie - a:2a;5, [13] = X1X7 - xaxs, = xix^ - X4X5, 

[22,] — X2X'j — X'iXe, [24] = X2a;8 - X4X6, [34] = xs^s — 0:4X7. 
Six defining polynomials are: 

Fi = [24] 

F2 = [14] + [23] 

F3 = [34]+ Xizi+X5[12] 

F4 = [13] + X2Z1 +X6[12] 

F5 = X3Zi+X7[12] 
Fe = X4Zl+X8[12]. 
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Suppose that all these polynomials vanish at v = {xi, . . . , xs, zi) G K^. We 
show that then v annihilates all generators of the ideal appearing under the rad- 
ical sign in From Fi = = we get that [24] = [14] + [23] = 0. Moreover, 
since v annihilates F^, . . . ,Fq, we have that the quadruple ([34], [13], zi, [12]) is 
a solution of the 4x4 system of homogeneous linear equations associated with 
the matrix 

/ 1 Xi X5 \ 
1 X2 Xq 
X3 X7 

\ X4 Xs J 

whose determinant is 

A — x^xs — x^xi = [34]. 

By Cramer's Rule, if A ^ 0, the only solution is the trivial one, so that, in 
particular, [34] = 0, a contradiction. Hence we always have A = 0, i.e., [34] = 0. 
Hence, in analogy to what has been shown for J3.1, F-^ — — Fc, — Q implies 
that [13] — xizi — X2Z1 = X3Z1 — [12] — 0. Consequently, Fq — Q implies that 
X4Z1 = 0. Thus V annihilates all generators of the ideal in (|23p . as required. 
This shows that ara J4_i = 6. 
Finally consider 

^ ^ f Xi X2 X^ X4 X5 
V ^6 ^7 X8 Xg Xio 

By Theorem 13] we have 
Jz.i = 

([12], [13], [14], [15], [23], [24], [25], [34], [35], [45], xiZi, xazi, X3Z1, 0:421, xszi) = 
V'([12], [13], [14] + [23], [15] + [24], [25] + [34], [35], [45],xiZi,X2Zi,X3Zi,X4Zi,X5Zi). 

(24) 

where 

[12] = a;ia;7-a;2a;6, [13] = a;ia;8 -xa^e, [14] = xia;9 -a;4a;6, [15] ^ xixiq-xsxq, 
[23] = X2XS-X3X7, [24] = X2Xg-X4:X7, [25] = X2X1Q—X5XJ, [34] = X3a;9 -a;4a;8, 

[35] = X3X10 - X5X8, [45] = 2:4X10 - XgXg. 

Eight defining polynomials are: 

Fi = [14] + [23] 

F2 = [15] + [24] 

F3 = [25] + [34] 

Fi = [35] + xizi +a:6[12] 

F5 = [13]+ 2:221+2:7 [12] 

F& = [45] +2:321+2:8(12] 
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X4Z1 + xq[12] 
X5Z1 + 2:io[12] 



Suppose that all these polynomials vanish at v = {xi, . . . ,Xio,zi) G K^^. We 
show that then v annihilates all generators of the ideal appearing under the 
radical sign in dSJ). From i^i = F2 = F3 = we get that [14] + [23] = [15] + [24] = 
[25] + [34] = 0. Moreover, since v annihilates F4, . . . , Fg, we have that the 5-uple 
([45], [35], [13], zi, [12]) is a solution of the 5x5 system of homogeneous linear 
equations associated with the matrix 

/ 1 a;i Xd \ 

1 a;2 X7 

1 X3 

2:4 Xg 

\ X5 xio / 

whose determinant is 

A = X4X1Q — Xr,Xg — [45]. 

By Cramer's Rule, if A ^ 0, the only solution is the trivial one, so that, in 
particular, [45] = 0, a contradiction. Hence we always have A = 0, i.e., [45] = 0. 
Hence, in analogy to what has been shown for J^^i, F4 — = = Fg = 
implies that [13] = [35] = xizi — X2Z1 = X3Z1 = 0:52:1 — [12] — 0. Consequently, 
^7 = implies that 2:421 = 0. Thus v annihilates all generators of the ideal in 
([24]) . as required. This shows that ara Js^i ~ 8. 



4 On cohomological dimensions 

Recall that, for any proper ideal / of R, the (local) cohomological dimension of 
/ is defined as the number 

cdl = max{i\H}{R) ^0}, 

= mm{i\Hj{M) = for aU j > i and all i?-modules M}. 

where H} denotes the ith right derived functor of the local cohomology functor 
T/; we refer to Brodmann and Sharp [7] or to Huneke and Taylor jl7j for an 
extensive exposition of this subject. In this section we will determine cd Jg^t for 
all integers s > 2 and t > 1. We will use the following technical results on De 
Rham (-ffoR) and singular cohomology {H) with respect to the coefficient field 
(T. The first involves sheaf cohomology (see [7], Chapter 20, or [17], Section 2.3) 
with respect to the structure sheaf R of . The second result is analogous to 
Lemma [S] 

Lemma 4 ([16], Proposition 7.2) Let V d be a non singular complex va- 
riety of dimension d such that H^{V, R) = for all i > r. Then H^^ii^j (T) — 
for all i > d + r. 
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Lemma 5 ([5], Lemma 3) Let W C W be affine complex varieties such that 
W\W is non singular of pure dimension d. If there are r polynomials Fi, . . . , Fr 
such that W = Wn V{Fi, ...,Fr), then 

for all i > r. 

We also recall that, for every proper ideal / of i?, 

cdl < ara/, (25) 

which is shown in [TQ, Example 2, p. 414 (and also in [7], Corollary 3.3.3, and 
in [T7j, Theorem 4.4). Equality holds if / is generated by a regular sequence, in 
which case the aritmetical rank is equal to the length of that sequence. 
In the proof of the next result we will use the well-known characterization of 
local cohomology in terms of Koszul (or Cech) cohomology (see [7], Section 5.2, 
or [T7], Section 2.1). Let ui, . . . ,Uh & R he non zero generators of the proper 
ideal / of R. For all 5 C {1, ... , h} let Rs denote the localization of R with 
respect to the multiphcative set of R generated by {ui\i £ S}; set i?0 = R. Then, 
according to [H], Theorem 2.10, or [7], Theorem 5.1.19, for all i > 0, H}{R) 
is isomorphic to the ith cohomology module of a cochain complex {C',4>.) of 
i?-modules constructed as follows (see [7], Proposition 5.1.5). For all i > 0, set 

Rs. 

SC{l,...,h} 

S| = i 

Given any a £ C", for alH > 1 and all C {1, . . . , h} such that \S\ — i, as will 
denote the component of a in Rs- The map (j>i-i : C*^^ is defined in such 

a way that, for every a G C"~^, and for all S* C {1, . . . , h} for which \S\ = i, 

0,_i(q)5 = 2^Cs,fc , 

fces 

where cs,k G {^l, 1} and "^'^j^'''-' is the image of Q;s\{fc} under the localization 
map Rs\{k} Rs- 

Lemma 6 Let z be one of the indeterminates of R and let I be an ideal of R 
generated by polynomials in which z does not occur. Then, for all i > 0, 

(i) z is regular on H}{R); 

(li) ifH\{R) ^ 0, then H}{R) / zH\{R). 

Proof .-Let ui, . . . ,Uh be non zero generators of / not containing the indeter- 
minate z. Let S" C {1, . . . , /i}. In this proof, we will say that an element a G Rs 
does not contain the indeterminate z if 

/ 

a = , 

fcGS 
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where / G i? is a polynomial not containing the indeterminate z. This definition 
is of course independent of the choice of / and of the exponents s^. Moreover, 
there is a unique decomposition 

a — a ^ za 

such that a, a e Rs and a does not contain z. Given a G Ci, for some i > 0, we 
will set a — {as)s and a = (q;s)s, so that we have 

a = a + za.. (26) 

We will say that a is z-free whenever a = a. The decomposition (j26[) is unique, 
and will be called the z-decomposition of a. From the definition of t/f^ it imme- 
diately follows that if a is z-free, so is (/)i(a). Hence 

0«(a) = 04a) + z<?!),(5) (27) 

is the z-decomposition of f^n^ct). We thus have, for all a e Ci, 

a e Ker0i 4==^> a,a e Ker0i, (28) 

a e Im(/)i_i <^=> a,a e Im(/)i_i. (29) 

Let OL G Ci. First suppose that za G Im0i_i. Then, for some /3 G Ci_i, za = 
0i_i(/3) = 0i_i(;9) -|-z0i_i(;9), whence (/)i-i(/3) = and a = (/)i_i(/3). Thus a G 
Im(/)i_i. This proves part (i) of the claim. Now suppose that H}{R) ^ 0. Then 
there is a G Ker0i such that a ^ Im0i_i. From ((28|) and ((29)) we can easily 
deduce that one can choose a to be z-free. Suppose that a G Im0i_i -|-zKer0i, 
i.e., a = 4>i-i{P) + za' for some /? G Ci-i, a G Ker^i. By the uniqueness of the 
z-decomposition of a it follows that a — 0i_i(/3), a contradiction. This shows 
that Ker^i ^ Im0i_i -|- zKer(/)i, so that H\{R) ^ zH\{R). This shows part 
(ii) of the claim and completes the proof. 



Lemma 7 Let I be a proper ideal of R generated by polynomials in which the 
indeterminate z does not occur. Then 

cd (/+ (z)) = cd/ + 1. 

Proof .-The claim for / — (0) is true because, by the observation following (pS)) . 
we have that cd (z) = 1. So assume that / / (0). Set d — cdl. We prove the 
claim by showing the two inequalities separately. We have the following exact 
sequence, the so-called Brodmann sequence (see [TT], Theorem 3.2): 

■ • • ^ H]-\R,) ^ i/l+(,)(i?) ^ H\{R) ^ H}{R,) ^ . . . 

We deduce that H}^^^^{R) = whenever Wf^{R^) = H}{R) = 0, which is 
certainly the case if i > d + 1. It follows that cd (/ + (z)) < d+ 1. By virtue 
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of Lemma [HI part (i), multiplication by z on Hf{R) gives rise to a short exact 
sequence 

^ Hf{R) -> Hf{R) -> H}{R)/zHf{R) ^ 
from which, in turn, we obtain the long exact sequence of local cohomology: 

• • • ^ H^^HfiR)) ^ H^^_^iHfiR)/zHf{R)) ^ Hl^{H'}m ^ • • • . (30) 

Now H^^^{Hf{R)) ~ r(^)(i/f(i?)) = 0, because z is regular on Hf{R) by 
LemmaEl part (i). Moreover, Hf^^{Hf{R)/zHf{R)) ~ T (,_){Hj{R) / zHjiR)) = 
Hf{R)/zHf{R), since Hf{R)/zHf{R) is annihilated by z. Hence, by Lemma 
El part (ii), we deduce that Hf^^{Hf{R)/zHf{R)) ^ 0. Therefore, from ^ it 
follows that 

Hl^{Hf{R))^0, 
whereas from (|25l) we know that 

Hl-^{Hf{R)) ^ foralH>l. 

We have a Grothendieck spectral sequence for local cohomology (see [23], The- 
orem 11.38, or 18J, Theorem 12.10), 

E^,^^Hl^{Hf{R))^H^^^l^{R). 

The maximum value of p + q for which £^2^ ^ is d + 1 and is obtained only 
for p = 1 and q = d. Thus we get 

which yields cd (/ + (z)) > d + 1. This completes the proof. 

Before coming to the main result of this section, we first show one special case 
of its claim. This case deserves to be considered separately, because it is the 
only one where the cohomological dimension is independent of the characteristic 
of the ground field. The next proposition is an application of a recent result by 
Morales pi] . 

Proposition 1 Let t > 1 be an integer. Then 

cd J2,t = t+l. 

Proof .-We refer to the prime decomposition of J2^t given in Section 1. Since 
A4 = {xiX4 —X2X3}, all ideals Jq, Ji, . . . , Jt are complete intersections. Accord- 
ing to [H], Theorem 4, this implies that 

cdJ2.t= max dimK((7',) + (P,_i)) - 1. (31) 
j=i,...,t 

Here the angle brackets denote linear spaces. It is evident from their definition 
that, for all « — 1, . . . ,t, Vi and are disjoint sets of i -I- 1 and t — i + \ 

indeterminates, respectively. Hence dimx((Pi} + {Vi-i)) = \'Pi\ + |A-i| =t + 2 
for all i = 1, . . . , i, whence, in view of PT|) . the claim follows. 
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Theorem 5 Let s > 2 and t > I be integers. Then 

(a) if charK > 0, cd Jg^t ^ s + t — 1, 

(b) if charK = Q, cd J^,* = 2s + t - 3. 

Proof .-Claim (a) follows from ([1]) and [53], Proposition 4.1, p. 110, since 
Js,t is Cohen-Macaulay. We prove claim (b) by induction on t. Suppose that 
charier = 0. The claim for s = 2 and any integer t > 1 is given by Proposition 
[TJ Next we consider the case where s = 3 and t = l. We have cd J3.1 < 4: this 
follows from (PS]) . since we have seen in Example [1] that ara Ja^i = 4. The same 
inequality has also been proven, by other means, in |2], Example 6. In order to 
prove the opposite inequality, we have to show that 

H%^{R)^Q. (32) 

By virtue of the flat basis change property of local cohomology (see [7] , Theorem 
4.3.2, or [T7], Proposition 2.11 (1)), if this is true for K — W, it remains true 
if K is replaced by then the same property allows us to conclude that it 
also holds for any algebraically closed field K of characteristic zero. So let us 
prove the claim ((32)) for K — W . As a consequence of Deligne's Correspondence 
Theorem (see 0, Theorem 20.3.11) for all indices i we have 

Hence our claim can be restated equivalently as 

Therefore, in view of Lemma [H it suffices to show that 

^?dr((2^'\V^3,i,«')v^O, (33) 

a statement that is the De Rham analogue to ^ for s = 3, i = 1. For the 
sake of simplicity, we will omit the coefficient group W in the rest of the proof. 
Let W C K'' be the variety defined as in the proof of Theorem [21 which in our 
present case is contained in V^^i and can be identified with the subvariety V^fi 
of . By ([7|) we also have 

v^,i\w ^a;^ (34) 

which is obviously non singular and pure-dimensional. It is well known that 

^^(^^) - ( else: ' (^^) 



and 



H\W^\m^{ I l-^l'^''^' ^ (36) 
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Now, by (|34p and the Kiinncth formula for singular cohomology (see [21], The- 
orem 3.6.1), 

iJ'(V^3.i\W^) - H\W^)(^H\(i:\{0}), 

h-\-k—i 

so that, by ^ and ([Ml), H^V^.i \ M^) 7^ if and only if i = 0, 1. In particular 

H\V^.i \ W) = H^{V^.i \W) = Q. (37) 

Since, by ([M)) . the set Vz^i \ is a closed non singular subvariety oiW'^ \ W of 
codimension 3, by [TB], Theorem 8.3, we have the following long exact sequence, 
which is the Gysin sequence for De Rham cohomology: 

■ ■ • ^ H^AV^AW) ^ H^^{(!J\W) ^ H^^{(U\V:,,i) ^ hI^{V^^i\W) 

(38) 

Now De Rham cohomology coincides with singular cohomology on non singular 
varieties, by virtue of Grothendieck's Comparison Theorem (see [13], Theorem 
1', or [TB], Theorem, p. 147). Therefore, from ([57| it follows that the leftmost 
and the rightmost terms in psp vanish. Consequently, 

H^^{(i;'\W)^H^^{W'\V,^,). (39) 

In view of ([5^ , our claim ([55)1 will follow once we have proven that 

H^Kid^' \W)^0. (40) 

This is what we are going to show next. Recall from ([T^ and ([T5|l that W'^\W = 
{W^ \ T^3.o) U ^, where the union is disjoint and 

Z = ff^ X (ff \ {0}) (41) 

is a open subset of (F^ \ W . We thus have the following Gysin sequence of De 
Rham cohomology: 

• • • ^ Hl^{Z) ^ Hl^iW' \ ^3,0) - Hh'ni(P' \ W) ^ H^^{Z) ^ ■ • ■ , (42) 
where by the Kiinneth formula for singular cohomology, ([55)) and ([H]) . 

It follows that ([m gives rise to an isomorphism: 

Hl^idJ^Vi,,) H}^^{W' \W). 

But from [g. Lemma 2, we know that H^{W^\V3,o) + 0, so that H^^ilX^W) ^ 
0. This proves our claim PO]) . which implies ([55]) and shows claim (b) for s = 3, 
t = 1. 

Now suppose that s > 3 and t = 1. We have 

Js,i = + (a;i2:i, . . ■jXsZi). 
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Hence 

Js,i + {zi) = Is + {zi), (43) 
{Js,i)zi = {xi,...,Xs)Rz^. (44) 

We recall from Corollary, that 

cd/^==2.s-3. (45) 

Note that the indeterminate zi does not occur in the minors generating Is. 
Therefore, by virtue of Lemma [7] we have cd {Ig + (zi)) = cd/^ + 1. In view of 
and (gSJ it then follows that 

cd(Js,i + (zi)) 2s - 2. (46) 

Moreover, since xi/1, . . . ,Xs/l form a regular sequence in Rzi, they generate 
an ideal of cohomological dimension s in i?^^. Thus, in view of (|44p . we have 

cd(J,,i),, =s, (47) 

where this cohomological dimension refers to the ring Rz-^ . We have the following 
Brodmann sequence: 

' -^(jA).i(^2i) ^ 1 + (Z1)(^) ^ ^Js.li^) ^(Js l).i(^^l) ^ ■ • • ' 

(48) 

where we have used the fact that, due to the independence of base property (see 
[7], Theorem 4.2.1, or 17], Proposition 2.11 (2)), H}^ ^{R^,) ~ H'^j^ (i?^J. 

Moreover, by dH]) and ((47l) . 

^f}.,,+(.,)(^) = ^U.,,)., (^-.) = for z > 2s - 1, 
because s < 2s — 1. Thus, in view of 

H},,{R) = fori>2s-l. 
We conclude that cd J^^i < 2s — 2. On the other hand, by (|T7)) . 

because s < 2s — 3. Thus from ((46)) and (|48)) we deduce 

which proves that cd Js,i > 2s — 2, whence we obtain cd Jg^i — 2s — 2, as claimed. 
Up to know we have proven claim (b) for all s > 3 and t = 1, which settles the 
basis of our induction. Now we perform the induction step by assuming that 
s ^ 3, t > 2 and supposing that 

cd J^^t-i = 2s + t-4. (49) 
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We have 

Js^t + {zt) = Js,t-i + (zt), (50) 
{Js,t)zt = {xi,...,Xs,yi,..-,yt-2)Rzf (51) 

Since the indeterminate Zt does not occur in the generators of Js.t-i and the 
elements Xi/1, . . . , Xg/l, . . . , yt-2/l form a regular sequence in R^^ , in view 
of Lemma [71 the relations , ([50)) and (|5ip allow us to deduce that 

cd(J,,t + (zO) = 2s + t-3 (52) 
cd(J,,t)., = s + t-2, (53) 

where s + < — 2 < 2s + t — 3. We have the following Brodmann sequence: 

(54) 

In view of ([52[) and ([53[) . in ([54[) we have 

= = for z > 2s + t- 2, 

which implies that cd J^.f < 2s + t — 3. Moreover, from ([53)l we obtain 

since s > 2 implies that 2s + t — 4>s + i — 2. Therefore, in view of ([5^ . in 
([54)) we have 

This yields cd Jg.t ^ 2s + t — 3, as claimed, and completes the proof. 

Remark 3 Theorem[2]and Theorem[5] (a) show that the inequality ([25)) is strict 
for Js^t if s > 3 and char A' > 0. In fact, in this case we have 

cd Js,t =s + t— 1 < s + i + s — 3 = 2s + i — 3< ara Jg^t- 

According to Theorem [U however, equality always holds for s = 2; in turn, 
Theorem [5] (b) and Example [T] show that equality also holds for s = 3, 4, 5 and 
t = 1 provided that char K — 0. The question in the remaining cases is open. 
In any case, Theorem [4] tells us that in characteristic zero the cohomological 
dimension and the arithmetical rank are close to each other, since 

ara Js^f < cd J^.f + 1. 
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